Komar energy and Smarr formula for noncommutative Schwarzschild black hole 
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We calculate the Komar energy E for a noncommutative Schwarzschild black hole. A deformation 
from the conventional identity E — 2STh is found in the next to leading order computation in the 



noncommutative parameter (i.e. O(\f0e 



- A'l / 



)) which is also consistent with the fact that the 



area law now breaks down. This deformation yields a nonvanishing Komar energy at the extremal 
point Th = of these black holes. We then work out the Smarr formula, clearly elaborating the 
differences from the standard result M = 2STh, where the mass (M) of the black hole is identified 
with the asymptotic limit of the Komar energy. Similar conclusions are also shown to hold for a 
deSitter-Schwarzschild geometry. 

PACS numbers: ll.10.Nx 
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The deep connection between gravity and thermodynam- 
ics has been known for a long tim o 1 11 . For instance, in 
a thermodynamical system the entropy S, temperature 
T and energy E are related by the first law of thermody- 
namics 



dE = TdS 



(1) 



where, for simplicity, we ignore work terms. 
A similar relation exists for black holes where E is iden- 
tified with the Komar energ y 12 ; 13 and T is the Hawking 
temperature. Indeed there is an integral version of the 
above equation 



E = 2TS 



(2) 



Specifically, for a Schwarzschild black hole, the Komar 
energy equals the mass (M) of the black hole, so that 



M 



2TS 



(3) 



This identity is easily verified by putting the well known 
expressions for the entropy and the Hawking temperature 



T = 



1 A , 

, S = — = AttM 2 

8ttM ' 4 



(4) 



The relations © and ([3]) are quite fundamental in black 
hole thermodynamics. The first one @ is very general 
and holds for any black hole. General discussions and dif- 
ferent derivations of eq.© have been provided earlier in 
the literatureM^. The effective Komar energy appear- 
ing in the left hand side of eq. (J2j) is basically identified 
with the conserved charge corresponding to the Killing 
vector defined at the event horizon^. The relation 
on the contrary, is valid only for a Schwarzschild black 
hole. It is known as the Smarr formula 17 that connects 



the macroscopic parameters of a black hole with 2TS 
(the right hand side of eq.Q). The connection between 
eq.pi and the generalised Smarr formula valid for any 
black hole has been recently elaborated in a series of 
papersi^r^r^. 

In this paper we first present a short derivation of 
eq.© for the specific case of a spherically symmetric 
metric, where the role of the area law (S = A /4) is 
emphasised. Then we consider the status of eqs.([2l [3]) 
in the context of noncommutative Schwarzschild black 
hole. It is well known that the noncommutativity may 
be introduced in different way s 19 26 in the context of 
black holes. Here we invoke noncommutativity through a 
coherent state formalis m 27 ) 28 which implies the replace- 
ment of the ordinary point wise multiplication by a Voros 
multiplication 2 ^. The analysis is performed by carrying 
out an expansion in the noncommutative parameter 9. 
We show that both eqs.© \S§ are deformed. This de- 
formation starts from the next to leading order in the 
expansion process (i.e. from O(y0e~ M ^ e )) in case of 
relation ©. Indeed it is precisely at this order that the 
area law also breaks down. Consequently the implication 
of the area law in the proof of eq.©, as shown here, gets 
highlighted. Deformations in eq. ([3]) , on the contrary, are 
found from the leading order correction itself. We find 
that the deviations from eqs.© [3]) begin to play an im- 
portant role at the extremal point (Th = 0) of these 
black holes. We observe that as we go nearer to the 
extremal point (which corresponds to a minimum value 
of the horizon radius Th), the correction term involving 
the noncommutative parameter 9 leads to a nonvanishing 
Komar energy. 

The final part of this paper is dedicated to studying 
similar issues in the context of deSitter-Schwarzschild 
geometry 3 ^. The reason is the similarity between this 



2 



geometry with the noncommutative Schwarzschild geom- 
etry. Both avoid the singularity problems, though in 
different ways, present in the usual Schwarzschild black 
hole. Also, as was shown in 2 ^, the noncommutative 
Schwarzschild geometry in the limit r << y9 passes 
over to the deSitter metric. Our calculations show that 
for deSitter-Schwarzschild black holes^S, deviations from 
the expected relations [3]) occur, quite analogous to 
the noncommutative case. This is reassuring in the sense 
that it gives us confidence in the construction of noncom- 
mutative black holes. 

InS 8 -, it has been shown that the expression for the 
Komar energy E of a spherically symmetric stationary 
black hole metric 

ds 2 = -f(r)dt 2 + f- l {r)dr 2 + r 2 (d9 2 + sin 2 Ode/) 2 ) (5) 

is given by 



E=±- 
8tt 



r 2 sin<? d r f{r)d6dcf> = —d r f{r) . (6) 



o J<f>=0 



Near the event horizon of the black hole, the above 
expression for E simplifies to 



E = rin = 2-nrlT, 



where 



K = \ [drf{r)]/r=r h 



(7) 
(8) 



is the surface gravity of the black hole and 

T H = k/(2tt) (9) 

is the Hawking temperature for a general static and 
spherically symmetric spacetime. Now assuming that the 
area law S = A/ A = irr^ holds, it is easy to see that the 
above relation for the Komar energy can be written as 



E = 2ST, 



H 



(10) 



which is the sought relation. 

We now proceed to investigate the status of the above 
relation in the case of noncommutative black holes. We 
start with the noncommutative Schwarzschild metri o 19 , 28 



/(r) = f e (r) = 1 



2M(9) 



where 



„,,„, 2M /3 r 2 



,r 2 /(40) 

7(3/2, r 2 /46) = / <ft t^V* 

Jo 



(11) 



(12) 



is the lower incomplete gamma function. The Komar 
energy for this spherically symmetric spacetime can be 
computed from eq.® and yields 



E = M{9) 



Mr 3 



-r 2 /{49) 



29Vn9 



(13) 



which in the limit r — > oo gives E = M . Also, expectedly, 
for 9 — >• 0, we reproduce E = M. Now since the Komar 
energy in the asymptotic limit (r->co) gives the mass of 
the black hole, therefore we identify M (and not M(9)) 
as the mass of the noncommutative Schwarzschild black 
hole pip . This identication will play an important role 
in the subsequent discussion. 

The event horizon of the black hole can be found by set- 
ting fe{rh) = in eg . (fTTj) , which yields 



AM 



Th = 



/7r 7 1 2' 46* 



(14) 



Since this equation cannot be solved in a closed form, 

r 2 

we take the large radius regime (jfe >> 1) where we can 
expand the incomplete gamma function to solve by 



iteration. We keep terms upto the leading (-k 



-M 2 /e 



and next to leading (y/9e M l e ) orders, to obtain 



2M 



2M 



2AP 



,-M 2 /e 



(15) 



Using eqs.©,© and ([TTj) . the Hawking temperature for 
the noncommutative Schwarzschild black hole is found to 
be 



T, 



H 



1 

An 



1 



- th 
48 



A9 3 / 2 



^(3 rgx 
40 I 



(16) 



>> 1 



To write the Hawking temperature in the regime 
as a function of M we use (I15|) . Keeping, as before, terms 
upto the order yf~9e 



-m z /e 



we get 



T H = 



8ttM 



1 - 



AM 3 



1 - 



2M 2 AM 4 



,-M 2 /e 



(17) 



We shall now use the first law of black hole thermo- 
dynamics to calculate the Bekenstein-Hawking entropy. 
This law is given by 2 - 



dS = 



dM 
Th~ 



(18) 



Hence the Bekenstein-Hawking entropy upto the order 
^/0 e -M 2 /e is found tQ be 



S = 



dM 
T H 



= AttM z - 16 



M 3 I 1 



M 2 



-M 2 /e 



(19) 



In order to express the entropy in terms of the noncom- 
mutative horizon area (Ag), first we use eq. (|15p to obtain 

A e = A-nrl = 16nM 2 - 64^|m 3 (l + ^2 
+0{9 3 / 2 e- M2 ' 9 ). 



(20) 
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Comparing eqs. (IT9l) and (l20l) . we find that at the lead- 

)), the noncommutative 



i P -«7« 



ing order in 9 (i.e. 0(—^e 
black hole entropy satisfies the area law 



S 



4 



(21) 



However, it is easy to note that there is a deviation from 
the area law in the next to leading order in 9, i.e. at 
0(V9e- M2 / e ). 

Now we compute the Komar energy at the horizon using 
eqs.([71[15l[I71) upto the the order \/9e~ M2 ^ e , to get 



E = M 



1 - 



2M (2M 



-M 2 /6 



1 

M 



-M 2 /e 



(22) 



Finally, using eas.([TT|). (fl~9)) and (|22]l. we obtain 



2ST, 



H 



-AI 2 /8 



0(9 



3/2 -M 2 /6 



2ST H + 2 



0(9 



3/2 p -S/(4^S)> 



(23) 



where in the second line we have used eq. (TK)l) to replace 
M 2 by S/(4n) in the exponent. 

The above relation can also be written with M being 
expressed in terms of the black hole parameters S and 
T H using eq.(Hl|) 



M = 2ST H 
+O(0 ] 



1 



27rV7r6 

3/2 p -S/(47r9) 



)• 



(24) 



Since M has been identified earlier to be the mass of 
the black hole, we name eq.(|24p as the Smarr formula 
for noncommutative Schwarzschild black hole. The above 
relations (|231 [24]) are the main results of this paper. 
We now make some observations on eq. (|23"1) . Interest- 
ingly, we have once again been able to write the deformed 
relation (involving the noncommutative parameter 9) in 
terms of the Komar energy E, entropy S and the Hawk- 
ing temperature Th- The above result (|2"3"|) shows that 
the relation (fTUj) is satisfied upto the leading order in 9 
(i.e. 0(-^e~ M This is indeed consistent with the 

fact that the area law (|2"Tj) also holds at this order in 9. 
However, the validity of the relation (|10[) breaks down in 
the next to leading order in 9 (i.e. 0(\f9e~ M / e )) in ac- 
cordance with the fact that there is a deviation from the 
area law at this order in 9 as seen above. The noncom- 
mutative Smarr formula (|24[) , on the contrary, deviates 
from the usual one ([3]) right from the leading correction 
itself. 

Further, we note that for a black hole with an entropy 
S » 4tt9, the second term on the right hand side of 



eq. (1231 is small compared to the first term and hence the 
relation (|10p is once again satisfied. This is in conformity 
with an observation made in^ where it was shown that 
the area law (|2"Tj) is satisfied for r^ > 4.8v^ implying 
(from our present analysis) that the relation (fTOf holds. 
To see this, we rewrite eq. ([2"3")) by replacing S by Ag/A in 
the exponent, to get 



E 



2ST H + 2\-e- A °l^^ + 0(03/2^/(16^)) 



(25) 

Therefore, when Ag >> 16tt9, i.e. rh >> 2^/9, the sec- 
ond term on the right hand side of eq. (|25[) is small com- 
pared to the first term and hence the relation (ITU1) gets 
satisfied which implies that the area law (|2"Tj) holds in 
this regime. 

Finally, note that there is a lower bound to the horizon 
area Ag (Ag — k9, k > 1) from purely physical grounds. 
This is also compatible with the fact that there is a lower 
bound to the horizon radius r^ (r^ > 3\/9) since the 
Hawking temperature becomes negative for < 3V# 25 . 
This yields k > 367r. Further, for = 3-\/0, the con- 
tribution to the Komar energy comes from the second 
term in eq. ([2"5l only since Tjj = 0. Putting the minimum 
value of k (corresponding to which Tjj = 0) in cq. ([2"5]) . 
we obtain 



E 



2\l-e 

IT 



-9/4 



(26) 



Interestingly, the above expression gives a nonvanishing 
Komar energy for noncommutaive Schwarzschild black 
holes at their extremal point (Th — 0) which vanishes 
in the limit 9 —¥ 0. The nonvanishing Komar energy 
thus owes its origin to the noncommutative parame- 
ter 9 appearing in the metric of the noncommutative 
Schwarzschild black hole (fTTj) . 

To get further insight in the results obtained so far, we 
now consider the metric of deSitter-Schwarzschild geom- 
etry (given by Dymnikova^) having similar features as 
the noncommutative Schwarzschild metric (1111) at r — > oo 
and r —> limits. The metric coefficient of this spheri- 
cally symmeric black hole reads 



9(r) 



1 



1(1 -e 



(27) 



r g = 2M 



= 3/A. 



The above metric has the property that at r — > oo, it 
behaves like Schwarzschild geometry and at r — > 0, it 
behaves like deSittcr geometry and hence there is no sin- 
gularity at r = 0. These properties are similar to the 
metric (|11[) of the noncommutative Schwarzschild black 
hole. 

Once again the Komar energy for this spherically sym- 
metric spacetime (f2"7]l can be computed from eq.(H]) and 
yields 



E = ^ ( l- e -V(^ s ) ) _|!_ e 



-r J /Kr g ) 



(28) 



4 



which in the limit r —> oo gives E — M. Therfore we 
identify M as the mass of this black hole. 
The event horizon of the black hole can be found by set- 
ting g{r h ) = 0^1, which leads to 



'/(r 2 r g ) 



(29) 



ID) 



This equation once again cannot be solved for 
a closed form. However, in the large radius regime 

i 7 "^ 3 /( r o r g) >> 1)' we can solve (ESJ) by iteration. 
Keeping terms upto the order eT r el r a = e - 4M2 / r o j we 
find 



ID) _ 



2 i 2 
- r g/ r 



(30) 



•h - 's\ 

Using eqs.(JHl El [23 the Hawking temperature for the 
deSitter-Schwarzschild black hole is found to be 



rp(D) _ 



1 

47T 



JD)2 



(1-e 



-ri D)3 /(r V 9 ) 



3r 



(D) 



/{rlr g ) 



(31) 



Keeping, as before, terms upto order e 



2 / 2 

- r s / r o 



we get 



T 



(D) 
H 



1 



47rr„ 



l + e 



2 / 2 



3 V ~ 2 / 2 

<L e -r g /r 



(32) 



The first law of black hole thermodynamics (|T5)) is 
now used to compute the entropy which upto the order 

e -4M> 2 yieldg 



l2TrM 2 e-* M2 rt 



(33) 

In order to express the entropy in terms of the horizon 
area (A^ D >), we use (|50t to obtain 

A {D) = 16ttM 2 (1 - 2m$e 



-4M 2 /r 2 



2nM*e 



2 e -4M 2 /r 2 



(34) 

Comparing equations (l33l) and (l34l) , we find that the area 
law is not satisfied at the order e~ 4M / r ° . As in the case 
of the noncommutative Schwarzschild black hole, there 
is a deviation in this case from the area law at the order 

Now to obtain the relation between the Komar energy E, 
entropy S and the Hawking temperature Th , we compute 
the Komar energy at the horizon using eqs.JTl [301 ED) 
upto the the order e~ 4M ' r ° , to get 



= Mil- e- iM2 ^ - i^_ e -4M>= 



.(35) 



Finally, using eqs. (|3"Tj) . 
S/ (47r) , we obtain 



and replacing M by 



E (D) = 2S (D) T {D 

H V 4^ 



S(D) ( 2n£\ ^/(^) 



+0(e 



-2S( D )/(7rr 2 



))• 



(36) 



The above relation can also be written with M being 
expressed in terms of the black hole parameters and 
using eas.dBT 



M 



2ST 



H 



Si 1 



4tt 



27rr| 



i2S( g : 



?<D) 



-0(e 



-2S l 



(37) 



The above relations ([36II37I) are the analogues of eqs. 

Note that (as in the case of the noncommutative 
Schwarzschild black hole ([2"3f ) once again we obtain a de- 
formed relation involving the Komar energy E, entropy S 
and the Hawking temperature Th at the order e~ 4M / r ° . 
This is consistent with the fact that the area law in this 
case is not satisfied at this order. 

Now from eq. (|31l) . we find that the Hawking temperature 

TgP^ vanishes when rj: = 0, oo for any r g . Considering 

the physically interesting solution rj, = (for which 

T^ D) = 0), which also satisfies 420) for any r g , we find 

that the relation ([36]) upto order 0(e~ si /("" r o)) reduces 
to 



E^ = 



47T 



1 + ^ -sf)/K 

+ J 



(38) 



Hence we find that there exists a nonvanishing Komar en- 
ergy in case of deSitter-Schwarzschild black holes when 
the Hawking temperature tJj = 0. This feature is ex- 
actly similar with the results obtained in case of non- 
commutative Schwarzschild black holes. However, in the 
latter case, there is a nonvanishing lower bound of the 
horizon radius at which the Hawking temperature van- 
ishes whereas the horizon radius goes to zero when the 
Hawking temperature vanishes in the former case. 

To summarise, we have computed the Komar energy 
for a noncommutative Schwarzschild black hole governed 
by the metric ([TT]) . This is used to obtain (|23|) where 
a deformation from the standard result © is found in 
the next to leading order in the expansion involving the 
noncommutative parameter 9. Next, the mass of the 
black hole is identified by taking the asymptotic infinity 
limit of the Komar energy. This is found to be identi- 
cal with the usual Schwarzschild mass M. The noncom- 
mutative version of the Smarr formula (I24[) is obtained. 
Here the deformation from the usual formula © begins 
at the leading noncommutative correction. Similar re- 
sults are derived for a deSitter-Schwarzschild geometry 
governed by the metric (|27|) . Since the noncommuta- 
tive Schwarzschild metric, in an appropriate limit, passes 
over to this metric, such a similarity bolsters our confi- 
dence in carrying out computations in a noncommuta- 
tive formulation. Finally, we conclude by noting that 
the presence of a nonvanishing Komar energy when the 
Hawking temperature vanishes in case of noncommuta- 
tive Schwarzschild black holes can also be found in the 
deSitter-Schwarzschild geometry^ thereby concretizing 
our results. Further, in the former case, the result is due 



5 



to a combined effect of the noncommutative parameter case of deSitter-Schwarzschild metric is due to the cos- 
and the entropy of the black hole whereas the result in mological constant and the entropy of the black hole. 
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